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The e las t ic  p r o p e r t i e s  of the body are  a s sumed  inseparable  f rom its e lec t r i ca l  p rope r t i e s  
(p iezoelect r ic  effect) .  The stat ic p rob lem is cons idered  for  an infinitely long homogeneous 
rod under the action of a plane s y s t e m  of fo rces  or a lengthwise uniform distr ibution of 
e l ec t r i c  field potential~ The genera l  equations of theory  of e las t ic i ty  and of e l ec t r i ca l  field 
theory,  together  with the p iezoe lec t r i c  re la t ionships ,  are used. Conditions on the ma te r i a l  
p a r a m e t e r s  are  obtained, under  which a plane e lec t r ic  field and a plane deformat ion state 
appear  in the body. 

The s t r e s s e d  state of a continuous body is cha r ac t e r i z ed  [1] by six s t r e s s  components  aij (i, j = 1, 2, 
3), taken in an orthogonal r ec t i l inea r  coordinate sy s t em x i (i = 1, 2, 3), the or ientat ion of which, re la t ive  to 
the c rys ta l lograph ic  coordinate  sys tem,  is p r e c i s e l y  known. In the absence of spat ia l  fo rces ,  the s t r e s s e s  
have to sa t i s fy  the equi l ibr ium conditions 

O~ij/~xj = 0 (1) 

In the case  of smal l  deformat ions ,  the components  ~ij (i, j = 1, 2, 3) of the re la t ive  deformat ion are  
connected with the pro jec t ions  of the point d i sp lacements  u i (i = 1, 2, 3) by 

Ou i Ouj Ou i 
~ij:= 0-g~-ffq-~-b~ (i=#=]), ~i~-- a4 (i==;) (2) 

In the absence  of spat ia l  charge  [2], the components  of the  e lec t r ic  induction vec tor  D i (i = 1, 2, 3) 
sa t i s fy  the Maxwel l ' s  equation 

O D ~ / O x  i = 0 (3) 

while the e l ec t r i c  field potent ial  U (a s c a l a r  function) is connected with the components  of the e lec t r ic  
f i e ld - s t reng th  vec tor  3~ (i = 1,2, 3) by 

a i -  0u (4) 
Oxi 

The genera l i zed  Hooke 's  law does not hold in this case .  An even more  genera l  law has to be applied, 
l inear ly  connecting the e l ec t r i ca l  as well as the mechanical quanti t ies.  One fo rm of it is 

D i  = eij~gj - -  eikz~l ,  vkt = e~k~3i ~- C~lpq~vQ (5) 
(i, ], k, l, p, q =  t, 2,3) 
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eij} is the dielectric constant of the crystal in the absence of deformations, c~zpq are the Here, 
coefficients of elasticity in the absence of an electric field, and elk I are the piezoelectric moduH. The 
values of these coefficients depend on both the material and the chosen coordinate system; whatever the 
eoodrinate system, the tensors 

8{.~ : gj{, C k l ~ q  : Clltp q = Ckiqp :-= Clkqp ~ e{k l : ,  e{[ k 

are symmet r i c .  

If the mater ia l  is inhomogeneous, the tensors  e, c, and e are functions of the coordinates.  Here, a 
homogeneous material  is assumed,  i.e., the tensor  coefficients are constants.  

Given an infinitely long cylinder with genera tor  parallel  to the x 3 axis.  Since the e lec t r ica l  boundary 
conditions are essent ial ly  dependent on the shape of the body, the c ross  section of the cylinder by a plane 
perpendicular  to its genera tor  will be assumed to be a rectangle.  The problem to be considered is that in 
which the direct  piezoelectr ic  effect  is utilized. The external  forces  applied to the cyl inder  surface will be 
assumed normal  to the genera tors  and uniformly distributed along a genera tor  (the so-ca l led  plane sys tem 
of forces ,  usually employed in theory of elastici ty).  

In the case of an anisotropic (as distinct f rom isotropic) body, this sys tem of forces  is well known [1] 
not to give r ise in general  to a plane deformation state. In order  for  the deformation to be plane, r e s t r i c -  
tions have to be imposed on the mater ia l  p roper t ies .  These res t r ic t ions  were obtained by S. G. Mikhlin [4] 
for the general  case of an anisotropic mater ia l  in the absence of e lec t r ica l  effects.  The aim here is to find 
the conditions to be satisfied by the coefficients of elast ici ty,  the components of the dielectric constant, and 
the piezoelectr ic  moduli, in order  for a plane electr ic  field and plane deformation state to ar ise in the body 
under the action of a plane sys tem of forces  satisfying the conditions of s ta t ics .  

In short ,  let 

Oul / Oxa = O, au2 / Ox a = 0 ,  u a = o, a U  / ax a = 0 (6) 

Then, f rom Eqs. (2) and (4), 

93 = o, ~33 = ~ 3  = ~,3 = o (7) 

while Eq. (5) takes the simplified form 

.D~ = e~j~oqj - -  e ~ : ~  t 

6p~z = eipq3 5 -{- C~q~l~l 

i , p , q : =  1,2,3 
] , k , l =  t , 2  ) (8) 

F rom (8), all the D i and O-pq are  independent of x a. Hence, Eqs. (1) and (3) become 

OD1 + OD2 = 0 
Oxl ax~ 

0632 O~m a~2a gqZ11 6q(~12 0:~12 "-[- ~ = 0 ,  : 

Let ~o, ~, and 0 be new unknown functions, defined so as to satisfy Eqs. (9) and (10): 

D 1 _  0q~ D 2 _  oq) 
cgxz ' aXl 

o~ a% 
6 2 2 -  0$12 , ~12 = -  0Z10$2 

a0 ao 
~ 2 3 - -  0xl  ~ Z l ]  Ox2 

Let F denote the 5-dimensional column vector 

and E the row vector  

F = I [ D ~ ,  zkz[l T ( i , k , Z = * , 2 ;  k < Z )  

(9) 

(lO) 

(11) 

(12) 

(13) 

(14) 

(15) 
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while A is the 5 • 5 square ma t r ix  of coeff icients  

A =  e i f i l - - e ~  I l e i ~ [  c ~ \k~l,[i'l'k'l'p'q=l'2)p%q (16) 
klpq 

The re levant  pa r t  of Eq. (8) can then be wri t ten br ie f ly  in the ma t r ix  fo rm 

F = A E  (17) 

It is a lways poss ib le  to solve Eq. (17) for  E: 

E = BF (18) 

where  the inverse  B = A -1 of A is a s y m m e t r i c  like A. The notation for the remaining pa r t  of sys t em (8) is 

F~ = A'E (19) 

A' I e ~ i ' l - e a ~  ( i , ] , k = l , 2 )  (20) 

e~,~ [ c ~  \ l  =, t, 2, 3 (21) 

Here ,  A' is a 4 • 5 m a t r i x  with e lements  ][ apq' [], and the subsc r ip t  3 in Eq. (19) indicates that 3 is 
p r e s e n t  in the subscr ip t  of each component  of the vec tor  Fs. 

To t r a n s f o r m  Eq. (18) in such a way that its left  side becomes  identically zero ,  Eqs.  {11) and (12) 
a re  ut i l ized on i ts  r ight  side, and Eqs.  (2) and (4) on i ts  lefto After  manipulations such as taking the p a r -  
t ial  de r iva t ives  and adding equations,  a s y s t e m  of two different ia l  equations in the two unknown functions (p 
and r is obtained: 

L4~ p - L 3 ~ = 0 ,  La ~ + Lz qo : 0  (22) 

Here ,  L2, L3, and L 4 a r e  pa r t i a l  di f ferent ia l  ope ra to r s  with constant  coeff ic ients ,  of o rde r s  2, 3, and 
4, respec t ive ly :  

L~= b 0~ --2bt~ +-bn 

a ~ ax~ (23) a ~ a~ (bi~ @ b 2 a ) ~  + ~bi3 ax? L3 = -- b2~ ~ + (b~ + b~) a~a~, 
0 4 o ~ , 0 4 a ~ 

L~ = b~4-3~ ? -- 2b4~ ~ + (2b3~ .+ b~) O~ 9xFax? 2b3~ ~ + [b33 azA 

All the unknown functions will be de te rmined  below by means of these equations.  But (p and ~ sa t i s fy  
a fu r the r  equation, independent of those so fa r  util ized. Using the re levan t  equations of Eq. (8), the 

th i rd  equation of Eq. (10) gives 

'09~ + c~3~ a ~  _ ~ o~--T ~ - -  o (i, ~, z = ~, 2) 

Replace 3~, 3~, ~t,  ~ ,  ~12 by the i r  exp re s s ions  f rom (18): 

~ a--6~T 'a~ ~ a~ a ~ a~ a. a ~ ' O~ 
+a0-~-~/) ~ = 0  (24) 

He re,  

O c o 41 = --  (enab12 + e~2ab~ + clmb82 + 1322b4~ -~ c~12b5~) 
o b 42 = e~3bn + e~ab~t + c~3nb3t + c~3.22ba + c~12b~l --  (et.~sb~ + e~3522 + c~3nb3~ @ c ~3~2b~ + C2a~ 6~) 

~ b  O b  a a = et23btt .+. e2eab2t + c~anbat + c2a~ ~t ~- c~,n 5t 

oq = enabt4 @ e213b~4 + c~3nb~a + c~822b,4 + c~ 

9 b c ~ - -  (en3bl5 + e21ab~5 + c~3ixba5 + cla~ 45 @ C~l~b~a) Cr 5 = ei~abla -@ e~ab~, + c2311b~4 -4- c ~  ~a -{- s31~ba4 ~ b " 

o b a~ = ei~abla + e22ab~3 + C23n ~a + cg3~b43 -I- c~m~b~3 

(25) 
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Every solution of Eq. (22) must also satisfy (24). In [4] it is shown that this happens if and 

only if all the coefficients of Eq. (24) are zero. Equating all the ~l(i = 1, 2 ..... 7) to zero, the required 
conditions are obtained, under which the action of a plane system of forces gives rise to a plane electric 
field and plane deformation state in the cylinder: 

a ~ = 0  ( i = t ,  2 . . . . .  7) (26) 

An especial ly simple par t icu lar  case of (26) is 

o e o o "o o 
C1123 = C2~23 == C1113 -- C2213 = C2312 ~ C1222 = 0 

e123  ~- e223 = e l l  3 = e213 = 0 
(27) 

Condition (27) is sat isfied by crys ta ls  belonging [3] to the monoelinic antihemihedral  class  of the 
monoelinic sys tem (if the plane of symmet ry  is at right angles to the z axis), or to the t r igonal -d ipyramidal  
c lass  of the hexagonal sys tem or di t r igonaI-pyramidal  c lass  of the same sys tem (if the plane of symmet ry  
is at right angles to the x or y axis). 

The rod must be cut in such a way that its r ibs are paral le l  to the crys ta l lographic  coordinate system, 
and x 3 axis perpendieular  to the plane of symmet ry ,  if there is one. Condition (27) is also satisfied by SbSI 
c rys ta l s  obtained by spontaneous polarizat ion of the symmet ry  group, corresponding to the rhombo-pyrami-  
dal elass  of the rhombic sys tem.  Our list of examples is not meant to be exhaustive; it merely  indicates 
the pract icabi l i ty  of the assumptions made, such as Eqs. (6) and (7). 

Returning to Eq. (22), general  expressions will be found for ~v and r Denote by P6(D) the square 
matr ix of differential opera tors  of Eqo (22). The neeessa ry  eondition for Eq. (22) to have nontriviaI solu- 
tion is 

det P6 ()~) = 0 (28) 

Both unknowns sat isfy the same s ix th-order  differential equation, e.g.,  

P6 (D)q) = 0 ( 2 9 )  

The general  solution for functions ~0 andr will obviously be the same.  Condition (28) can be written 
in the more detailed form 

12 (~)~  (~) + Z. ~ (~) = 0 (30) 
where 

12 0 ~) = b11~, 2 -- 2b12)~ + b22 
la 0 ~) = b~8~ a - -  (b~5 + b~a))~ e + (b~4 + b25)~, --" bu 
14 0 ~) baa~3 2b35~, 3 + (2ba4 + b55)~ ~ - -  2b45~, + bt4 

Equation (29) can be written as 

(31) 

0 
Dr -~ Ox~ 

D6DsD4D~D2D1 ~ = 0 

o ( i = ] , 2 , .  ,6) 
~ Oxl "" 

(32) 

( 3 3 )  

where Di are  linear f i r s t -o rde r  opera tors ,  and k i the roots  of (30). 

The general  solution of (32) may be found by the method of successive integration descr ibed in [5] 
and used by So G. Lekhnitskii in [1]. Let (30) have no multiple roots ,  and denote 

DtT = z2, D2z2 = z~ . . . . .  Dsz~ = z6 

The function z 6 sat isf ies the f i rs t  order  equation 

D6z6 = 0 

which after  changing the variables as follows: 

z~ (xt,  x2) = co ( 'h,  n2), x~ + ~6x2 = 'h ,  xl  - -  X6x2 = ~2 

(34) 

(35) 

285 



can be wr i t t en  as  

2-~V = 0  

The general solution of this equation is w : F(Vl)~ Hence, z 6 : F(x I + XGx2). The function F may be 
written as the fifth derivative of another arbitrary function with respect to the argument (xl + ~.6x2): 

z~ --/(6 V) (x 1 -{- )~x~) (36) 

The function z 5 s a t i s f i e s  the inhomogeneous  f i r s t - o r d e r  equat ion 

Dazs ==/~v) (x~ + i~x~) (37) 

whose gene ra l  solut ion is the sum of the gene ra l  solut ion of 

D~z~ = 0 (38) 

and a p a r t i c u l a r  solut ion of the inhomogeneous  equat ion.  Wri te  the gene ra l  solut ion of (38) as  the four th  
de r iva t ive  of an a r b i t r a r y  funct ion f5 (x~ + Xsx2) with r e s p e c t  to i ts  a r g u m e n t  (x~ + X~x2). The p a r t i c u l a r  
solut ion z 5 = zs(x 1 + k~x2) mus t  sa t i s fy  (37). Taking 

and subst i tu t ing in (37), 

He nce,  

o o 
0Xl  'Z5  : ZSt~ OX2 g5 : ~6Z5 ' 

- -  5Z5 ~ / (V)  6 

z5 = -~s -- )~5 

The g e n e r a l  solut ion of (37) is now 

z~ =/(~v) (x~ + ~x~) -~ z0 - ~ (39) 

P r o c e e d i n g  with s i m i l a r  ope ra t ions ,  the fol lowing e x p r e s s i o n s  a r e  obta ined  for  (p and @: 

(40) 

(4~) 

Here  we have wr i t ten  

qD1 (Xl + ~lz~) = / ,  (Zl § ~1x2) 

and s i m i l a r l y  for  the ~k '  where  Ck and ~b k a r e  a r b i t r a r y  funct ions  of the a r g u m e n t  (x l + ~kX2), with d e r i -  
va t ives  up to and including o r d e r  s ix  with r e s p e c t  to the i r  a r g u m e n t .  The gene ra l  e x p r e s s i o n s  fo r  the 
unknowns gp and r which a re  r e a l  funct ions of x 1 and x2, a r e  

3 3 

= ~, [r (Y~) -t-'~k (Yk)l ----- 2 Re ~, Ck (Yk) 

3 3 

r = ~ ,  I ,~ (y~) + , k  (y~)] = 2 a e  Y, r (y~) 
k ~ t  k ~ l  

(42) 
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w h e r e  

E~=a~+i~, g~+~ = ~  = a~--:i[t~ (k= t,2,3; ~ > 0 )  

and r (Yk), Ck (Yk) are the conjugate functions to ~k(Yk ) and ~k(Yk). 

It can be shown by using energy considerations and Lekhnitskii's method [i] that Eq. (30) has no real 
roots. It must be borne in mind here that the potential energy W per unit volume of the crystal is here 
given by 

2W= c~p~,~ - -  e ~ j ~  + 2 e ~  (4 3) 

w h i c h  i s  p o s i t i v e .  It w i l l  be  a s s u m e d  h e n c e f o r t h  t h a t  a l l  the  r o o t s  of  Eq .  (30) a r e  s i m p l e  a n d  a r e  not  s i m u l -  
t a n e o u s l y  r o o t s  of  the  e q u a t i o n s  

z~ (z)  = o ,  l~ (z) = o,  z~ (z)  = o 
Denoting 

, 1 '  (gl) = r  (Yl). *~' (Y2) = r  (Y~), ~ (Y~) = r  (g~) 

a l l  the  u n k n o w n s  of the  p r o b l e m  m a y  be e x p r e s s e d  in t e r m s  of t h e s e  t h r e e  f u n c t i o n s .  N o t i c e  t h a t  

Ox~ 

Ox~ 
= 2 ~e [t~r (~) + h~r (~) + r (y~)l 

t~ (~) h~ -- t~ (~) l~ (ks) ha --  ~ (~,~) ' t~ (~) ' h~ -- z~ (;~) 

(44) 

Substituting Eq. (44) in (17) and recalling Eqso (ii) and (12), the vector F may be found by a single 
diffe re ntiation: 

3 

/7i = 2 Re ~,  a~jOr (gr (i = 1 .2  . . . . .  5) (45) 
J=l 

w h e r e  

F r o m  (18), 

~ii : hill, ~12 = hzi~, als = X3 

~2i = -- hi, ~z2 = ~ hz, c~2a = -- i 

~al = ~'12, 0~32 = )~22, 533 = ~32h3 
cz,ll : l ,  (z~2 : t ,  ~zta = h~ 
% 1 =  - - ~ 1 ,  c % 2 = - - ~ ,  a 5 3 : - - ~ 3 h 3  

3 

E~ = 2 Re ~,  ~ i f l ) / (g j )  
j=l  

(46) 

whe r e  

[~ij = b~kz%" (i, k = t ,  2 . . . . .  5) 

F r o m  Eq .  (19), t he  v e c t o r  F 3 has  t he  c o m p o n e n t s  

3 

Fap "-  2 Re  ~ ,  '~pj(l)/(t/j) 
j=l  

(47) 
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where  

~p~ --= ap~'~q~ ( p = i  . . . . .  4; q = t  . . . .  , 5 )  

In tegra t ion  of (46) g ives  the e x p r e s s i o n s  for  the e l e c t r i c  f ie ld  po ten t ia l  U and the p r o j e c t i o n s  of the 
d i s p l a c e m e n t  v e c t o r  ui(i = 1, 2, 3): 

[j~__~ ( ~ J ~  ] @~(Y~)] U (xl, x2) = Uo --  2 Re ~i~ ~- 
(48) 

3 

u~(x~, xs )= Uto--Coxs + 2 R e  = ~ +  2~ ] 

us (x~, x~) = u~0 ,~ (0x~ -~ 2 Re = - ~  Jr (I)~ (Yi) 

whe re  Uo, Ulo , u20 , w a r e  c o n s t a n t s  of in t eg ra t ion ,  indicat ing the z e r o  l eve l  of the e l e c t r i c  f ie ld po ten t ia l  
and the " r ig id"  d i s p l a c e m e n t  of the c r y s t a l  as  a whole.  

Cons ide r  the p o s s i b l e  bounda ry  condi t ions  to be s a t i s f i e d  by  the funct ions  ~j (yj) (j = 1, 2, 3). 

The Di rec t  P i e z o e l e c t r i c  Effect~ H e r e ,  0-m and Cr2u a r e  given on the con tour  of the c r o s s  sec t ion ,  and 
D n = 0 [6]. Then 

+ + = - + c s  2Re 
0 

s 
1 

2Re [~lq)~ (h )  + ~  sq)s (Ys) -?- ~ahaq)a (Y~)] = ~ f z ~  ds -~ C1 (50) 
0 

2 Re [h~(D~ (y~)-~ hs(i)s (Ys) -C (I)a (Ya)] -- Ca 

whe re  s is the a r c  a long the con tour ,  m e a s u r e d  f r o m  s o m e  f ixed or ig in  s =~ 0; n is  the ou tward  n o r m a l  to 
the contour ;  and C j, C 2, and C 3 a r e  c o n s t a n t s ,  which can be a s s u m e d  z e r o  for  a s i m p l y  connec ted  r eg ion .  

Given  the d i s p l a c e m e n t s  u* 1 and u* 2 of po in ts  of the con tou r  in the plane of c r o s s  sec t ion ,  while D n = 
0. The funct ions  ~j(yj) (j = 1, 2, 3) then s a t i s f y  

2Re ~sj + ' ~ ' i  )(I)i = ul* -- -~ oxs 

( ~4j 1 (51) [7 
(y )J = us* 

2Re [h~CD1 (Yl) -~ hs(Ds (Ys) -~ (D3 (Ys)] = C 

The i n v e r s e  P i e z o e l e c t r i c  Ef fec t .  Given the electric field potential U* on the contour and the con- 

di t ions  u* 1 = 0, u* 2 -- 0 for  a m e c h a n i c a l l y  c l a m p e d  c r y s t a l ,  

3 

2Re ~3i+  2~j/(I)~(YJ) = - - u l 0  

3 

j = l  

(52) 

Given  the po ten t i a l  U* and the condi t ions  0-1n = 0 and o-211 = 0 f o r  a m e c h a u i e a l l y  u n c o n s t r a i n e d  c r y s t a l ,  

2Re [r (Yl) + q)2 (Y2) + h3cI)3 (Y3)] = Ca 
2Re [~lqb~ (.y~) -t- ~2(I)2 (Y2) -~ ~ahacI)3 (Ya)] = C~ 
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